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A Characterization of Grassmann Graphs 
K~us  MeTSCH 
Let q be a prime power and suppose that e and n are integers atisfying 1 ~ e ~ n - I. Then 
the Grassmann graph F(e, q, n) has as vertices the e-dimensional subspaces of a vector space of 
dimension n over the field Fq, where two vertices are adjacent iff they meet in a subspaee of 
dimension e-  I. In this paper, a characterization of I'(e, q, n) in terms of parameters i
obtained provided that e~2, n -2 ,  ½n, ½(n4-1) and (e~½(n4-2) if q e{2,3}) and (e~ 
½(n ± 3) if q = 3). As a consequence we can show that these Grassmarm graphs are uniquely 
determined as distance-regular graphs by their intersection arrays. 
C) 1995 Academic Press Limited 
i. INTRODUCTION 
Let Fq be a field, let V be a vector space of dimension ~> 2 over Fq, and let • be an 
integer satisfying l<~e~n-1 .  The Grassmann graph r(e,q,n) is the graph the 
vertices of which are the e-dimensional subspaces of V, where two vertices are adjacent 
iff they meet in a subspace of dimension e - 1 or, equivalently, iff they span a subspace 
of dimension e + 1. Mapping each subspace U to its orthogonal complement provides 
an isomorphism from F(e, q, n) onto F(n - e, q, n). It can be shown (of. [3, oh. 9.3]) 
that F(e, q, n) is a distance-regular g aph of diameter d = min{e, n - e} with intersec- 
tion array 
{b0, bl . . . . .  b~-l; cl, Cz . . . .  , cd}, 
where 
b, = q~+l (q ' - '  - 1)(q " -e - ' -  1) (q' - 1) 2 
(q _ 1) 2 and c, = (q _ 1)-------- ~ .  
Three distinct vertices of F(e, q, n) are mutually adjacent iff they either contain a 
common subspace of dimension e -  1 or are contained in a subspace of dimension 
e+l .  Hence, for l<e<n-1 ,  the maximal cliques (that is, the maximal sets of 
mutually adjacent vertices) are the collections of e-subspaces containing a fixed 
subspace of dimension e -  1 and the collections of e-subspaces contained in a fixed 
subspace of dimension e + 1. There are quite a few characterizations of the Grassmann 
graphs, most of which assume one or both of these two families of maximal cliques (el. 
[1, 2, 4-9,  11-13, 15]). For 2 < e < n/3 and 2n/3 < e < n - 2 (but 3e ~ n, 2n if q = 2), 
Sprague [14] obtained a characterization of F(e, q, n) in terms of parameters. In this 
paper, we obtain the following characterization f the Grassmann graphs. 
THEOREM 1.1. Let q >-2 be an integer, and let e and n be integers satisfying 
(n + l ) /2<e<n-2  and (2e~n +2,  n +3 if q =2)  and (2e~n +2 /f q =3). Puf 
k = (qe+l _ 1)/(q - 1) and r := (q"-e - 1)/(q - 1). Suppose that F is a connected graph 
with the following properties: 
(1) F is regular of valency r(k - 1). 
(2) Two iTdjacent vertices have k - 2 + (r - 1)q common eighbours. 
(3) Two vertices at distance 2 have (q + 1) 2 common eighbours. 
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(4) I f  v and w are vertices at distance 2, then w has at least (r - q - 1)(k - q2 _ q _ 1) 
neighbours that have distance 3 from v. 
Then q is a prime power and F is the Grassmann graph F(e, q, n). 
We even prove a more general theorem (cf. Theorem 2.3), in which we drop most of 
the regularity conditions. Since the Grassmann graphs F(n - 1, q, n) are just cliques, 
and since the Grassmann graphs F(e, q, n) and F(n -e ,  q, n) are isomorphic, we 
immediately obtain the following corollary (in fact, we need not assume all parameters, 
but only b0, al = b0 - bl - cl, c2 and b3). 
COROLLARY 1.2. The Grassmann graphs F(e, q, n) satisfying e ~ 2, n -2 ,  ½n, ½(n + 1) 
and e# ½(n + 2) if q ~ {2,3} and e#½(n ±3)  if q - -2  are uniquely determined as 
distance-regular g aphs by their intersection arrays. 
In general, the Grassmann graphs F(2, q, n), n t>4, are not determined by their 
parameters. Any line graph of a 2 - (qn-I + . . .  + q + 1, q + 1, 1) design has the same 
parameters. 
Consider a Grassmann graph F(e, q, n) with 2 < e < n - 2. We have already noticed 
that any two adjacent vertices of F l ie in two maximal cliques. If n is even and e = n/2, 
then both cliques have the same size; and if n is odd and e = ½(n + 1), then they have 
'almost' the same size. Since we use a Bose-Lasker-type argument to construct cliques 
in the proof of Theorem 1.1, this is the reason why our method does not cover these 
cases. 
2. THE PROOFS 
First we recall some terminology and notation. Let Fq be a finite field, let V be a 
vector space of dimension 1> 2 over Fq, and let e be an integer satisfying 1~< e ~< n - 1. 
Then the (e + 1, q, n)-projective incidence structure is the incidence structure (~, .!~', ~), 
where ~ is the set of e-dimensional subspaces of V and .IP is the set of (e + 1)- 
dimensional subspaces of V. Notice that this is a partial linear space with constant line 
size k = (qe÷l _ 1)/(q - 1) and constant point degree r = (qn-e_ 1)/(q - 1). Recall that 
the point graph of a partial linear space L is the graph the vertices of which are the 
points of L and such that two vertices are joined iff the corresponding points lie on line 
of L. 
The following result of Ray-Chaudhufi and Sprague [11] characterizes the projective 
incidence structures atisfying 2 ~< e <n-  2. We present it in the form given in 
Theorem 9.3.9 of [3]. 
RESULT 2.1. Let (~, .~  be a connected partial linear space such that, for some integer 
q~2:  
(1) Each line has at least q2 + q + 1 points. 
(2) Each point is on more than q + 1 lines. 
(3) f f  P ~ ~, l ~ ~ and P ~ l, then P has either no or exactly q + 1 neighbours on l. 
(4) I f  the points P and P' have distance 2 in the point-graph, then precisely q + 1 lines l 
on P contain a neighbour of P'. 
Then q is a prime power, and (~, ~ is a (e + 1, q, n )-projective incidence structure for 
some integers e and n satisfying 2<~ e < n - 2. 
The proof of Theorem 1.1 will use this characterization. Since we start only with a 
graph, we first have to construct a partial linear space; that is, we have to construct 
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lines, which are cliques of the graph. This will be done using the following result, which 
is a special case of Corollary 1.3 in [10]. 
RESULT 2.2. Let t* >~ 1 and let A1, A2 and s be integers. Suppose that F is a graph with 
the following properties: 
(1) Two adjacent vertices have at least A1 and at most A2 common neighbours. 
(2) Two non-adjacent vertices have at most be common neighbours. 
(3) 2;q - a2 > (2s - 1)(IX - 1) - 1. 
(4) Every vertex has fewer than (s + 1) (a l  + 1) - ½s(s + 1)( ix - 1) neighbours. 
Define a line to be a maximal clique C satisfying IC[ ~ hi + 2 - (s -  1)(IX- 1). Then 
every vertex is on at most s lines, and any two adjacent vertices occur together in a 
unique line. 
For vertices x and y of a graph and integers i, j >! O, we denote by d(x, y) the distance 
of x and y, and by pq(x, y) the number of vertices that have distance i from x and 
distance j from y. The main theorem of this paper is the following. 
THEOREM 2.3. Let q >~ 2 and s >~ 2 and let zl, 7.2, AI and A2 be integers. SupptYse that F 
is a connected graph with the following properties: 
(1) Every vertex has at least zl and at most z2 neighbours. 
(2) Two adjacent vertices have at least A1 and at most A2 common neighbours. 
(3) Two vertices at distance z have IX := (q + 1) 2 common neighbours. 
(4) p13(x, y) > z2 - (q + 2)[A1 + 1 - (s - 1)(q + 1)] i f  d(x, y) = 2. 
(5) 211 - A2 > (2s - 1)(IX - 1) - 1. 
(6) z2 < (s + 1)(A1 + 1) - ½s(s + 1)(IX - 1). 
(7) zl > (q + 1)(a2 + 1 - q2). 
Then q is a prime power and F is a Grassmann graph. 
From now on, suppose that F is a connected graph satisfying the hypotheses of 
Theorem 2.3. Define a line to be a maximal clique C of F that has at least 
;h + 2 - (s - 1)(IX - 1) vertices. The first lemma is an immediate consequence of Result 
2.2. 
LEMMA 2.4. Any two adjacent vertices lie on a unique line, and every vertex lies on at 
most s lines. 
For a line I and a vertex v, the distance of v and I is the minimum distance of v and a 
vertex of/. By x we denote the largest integer such that there exist vertices Vl and v2 at 
distance 2, and such that vl lies on 1 + x lines that have distance 1 from v2. 
LEMMA 2.5. (a) I f  the vertex v does not lie on the line l, then v has at most x + 1 
neighbours on l. 
(b ) Every line has at least A1 + 2 - (s - 1)x vertices. 
(c) x = q. 
PROOF. (a) Since a line is a maximal clique, there exists a vertex v' ~ l that is not 
adjacent o v. Since at most x + 1 lines on v have distance 1 from v', the assertion 
follows. 
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(b) Consider a line l and two distinct vertices vl, v2 ~ l. By (a), every line on v2 
other than I contains at most x neighbours of vl other than v~. Since v2 lies on at most  s 
lines, it follows that Vl and v2 have at most I l l -  2 + (s -  1)x common neighbours.  
Hence Am ~< Ill - 2 + (s - 1)x. 
(c) By definition, there exist vertices vl and v2 at distance 2 such that 1 + x lines 
l0 . . . . .  Ix on v~ have distance 1 f rom v2. It follows f rom part  (a) that each line l~ 
contains between one and 1 +x  neighbours of v2. Hence v~ and v2 have between 
1 • (1 + x) and (1 + x) 2 common neighbours. Consequently, 1 + x <~/z ~< (1 + x)2; that is, 
q ~< x <~ q2 + 2q. Every vertex on one of the lines 10,.. •, lx has distance 1 or 2 f rom v2. 
Since vl has valency at most z2, we obtain Pl3(Vl, v2) ~< z2 - ~x=0 II,\{v~}l. Using part  (b) 
and hypothesis (4) of Theorem 2.3, we conclude that 
(1 +x)[A,  + 1 - (s - 1)x] < (2 + q)[A1 + 1 - (s - 1)(q + 1)]. 
It follows that (x - q - 1)[A1 + 1 - (s - 1)(x + 2 + q)] < 0. We have x + q + 2 <~ qZ + 
3q + 2 ~< 2(/z - 1). Hypothesis (5) in Theorem 2.3 implies that A~ + 1 > (2s - 1)(/z - 
1) >~ 2(s - 1)(/z - 1). Hence x < q + 1 and thus x = q. [] 
LEMMA 2.6. (a) I f  d(v~, v2) = 2, then vl lies on exactly q + 1 lines that have distance 1 
from v2 and each of  these lines contains q + 1 neighbours o f  v2. 
(b) I f  the vertex v2 has distance 1 from the line l, then v2 has exactly q + 1 neighbours 
on l. 
PROOF. (a) By parts (a) and (c) of the preceding lemma, at most q + 1 lines on Va 
have distance 1 from v2 and each of these lines contains at most q + 1 neighbours of  v2. 
Since vl and v2 have/z  = (q + 1) 2 common neighbours, we must have equality. 
(b) Since l is a maximal clique, there exists a vertex Va e I that has distance 2 f rom 
v2. Apply part (a). [] 
LEMMA 2.7. Ever)' line has the same number k of  points, where k >>- q2 -b q + 1. Every 
point lies on the same number r of  lines, where r > q + 1. 
PROOF. Consider two distinct lines l and l' that meet in a vertex v. Let t be the 
number  of pairs (w, w')  of  adjacent vertices w ~ l\{v} and w '~ l'\{v}. By Lemma 
2.6(b), each vertex w ~ l\{v} has exactly q + 1 neighbours on l'. Hence  t = (Ill - 1)q. 
Similarly, t = (ll'[ - 1)q. Hence,  any two lines that intersect have the same cardinality. 
Since F is connected, it follows that every line has the same number  k of points. 
Now consider two vertices vl and v2 on a line l, and denote the number  of lines on v~ 
by rg, i = 1, 2. By Lemma 2.6(b), every line on vl other than I contains q + 1 neighbours 
of v2. This implies that vl and v2 have Ill - 2 + (rl - 1)q common neighbours. Similarly, 
Vl and v2 have 111-2+(r2 -1)q  common neighbours. Hence r l=r2.  Since F is 
connected, it follows that every vertex lies on the same number  r of  lines. This implies 
that every vertex has valency z := r(k - 1). 
We have also seen that two adjacent vertices have A := k -  2 + ( r -  1)q common 
neighbours. From hypothesis (5) in Theorem 2.3, we obtain that A >~ AI > (2s - 1)(/.~ - 
1 ) -1 .  Hence k>l+(2s -1) ( l z -1 ) - ( r -1 )q .  Since / z=(q+l )  2, s~>2, and r~s  
(cf. Lemma 2.4), it follows that k > q2 -t- q + 1. 
Since z=r (k -1 )  and k=A+2- ( r -1 )q ,  we have z=r [A+l - ( r -1 )q ] .  I f  we 
put r = q + 1 + 8, this can be written in the form 
z - (q + 1)(A + 1 - q2) = 8[A + 1 - 8q - 2q 2 - q]. 
Since, by hypotheses (7) and (5) in Theorem 2.3, we have that z > (q + 1)(A + 1 - q2)  
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and that A ~> & ~ 2A1 - A2 >.s(/z - 1) - 1 >I 2(/z - 1) - 1 > 2q 2 + q, this implies that 
8 > 0; that is, r > q + 1. " [ ]  
Now Result 2.1 completes the proof  of Theorem 2.3. 
PROOF OF THEOREM 1.1. Suppose that F is a distance-regular graph satisfying the 
hypotheses of Theorem 1.1. Then r(q - 1) = qn-e_  1 and k(q - 1) = qe+l _ 1. Put 
z := r(k - 1), A := k - 2 + (r - 1)q and b2 := (r - q - 1)(k - q2 _ q _ 1). Put  s~ := (4r - 
3)/3, s2 := (4r - 1)/3 and denote by s the unique integer satisfying sl ~ s ~ s2. We shall 
show that the hypotheses of Theorem 2.3 are satisfied. 
In order to verify Theorem 2.3 (4), it suffices to show that z - (q + 2)[A + 1 - (s2 - 
1)(q + 1)] < by  Using the definitions, we see that this is equivalent o 
qn-"[3q 2e+l-~ - (4q 2 + 9q + 8)] + q(q + 1)(3q 2 + q + 5) > 0. 
Since e > (n + 1)/2, we have 2e + 1 -n  ~3.  It follows that the first te rm of this 
inequality is posit ive except in the case in which 2e = n + 2 and q = 2. This proves (4). 
In order to verify Theorem 2.3 (5), it suffices to show that A > (2s2 - 1)(q 2 + 2q) - 1. 
Using the definitions, we see that this is equivalent o 
q" -e+l (3q~-"  - 8q - 13) + q(5q 2 + 10q + 3) > 0. 
Since 2e ~ n + 2, it follows that this is fulfilled except when 2e = n + 2 and q • {2, 3}, or 
when 2e = n + 3 and q = 2. Hence hypothesis (5) of Theorem 2.3 is satisfied. In order 
to verify Theorem 2.3 (6), it suffices therefore to show that z< (s~ + 1)[A + 1 -  
½s2(q 2+ 2q)]. Using the definitions, we see that this is equivalent o 
q(q" -e  - 1)[3q ~ - 4(2q + 1)q n-~ + 2q 2 - 2q + 9] > 0. 
Using 2e >~ n + 2, it follows easily that this inequality is satisfied except in the cases in 
which n = 2e + 2 and q • {2, 3}. Hence hypothesis (6) of Theorem 2.3 is satisfied. In 
order to verify Theorem 2.3 (7), we have to show that r(k - 1) > (q + 1)[k - 1 + (r - 
1)q -q2] .  This is equivalent o 
(r - q - 1)(k - 1 - q - q2) > 0. 
By the hypotheses in Theorem 1.1, we have n + 1 <2e <2(n-2) .  It follows that 
n - e > 2 and e 1> 3. Hence r > q + 1 and k > q2 + q + 1. This proves Theorem 2.3 (7). 
Now apply Theorem 2.3 to see that F is a Grassmann graph F(e' ,  q, n ' )  for some 
integers e' and n'. Two adjacent vertices of this graph have k '  - 1 + (r '  - 1)q common 
neighbours, where r '  = (q" ' -~ ' -  1)/(q - 1) and k '  = (qe,+l _ 1)/(q - 1). Compar ing 
this with hypothesis (2) in Theorem 1.1, it follows that q"-~ + q~ = q" ' -~'  + q~', which 
implies that n =n '  and e • {e', n -  e'}. Since F(e' ,  q, n')  and F(n ' -e ' ,  q, n ' )  are 
isomorphic, this completes the proof  of Theorem 1.1. [] 
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